We discuss conditions under which a lens space is 5th order flat.
Introduction
Let Af be a smooth manifold of dimension m . We put a Riemannian metric on M and identify the tangent space T(M) with the cotangent space T* (M) henceforth. If E is a vector bundle over M, let J(E) = E®(E®T(M)) be the jet bundle of E ; this is the natural setting for studying first order differential equations.
Let JS(E) = J(JS~X(E)) be the iterated jet bundle and let JS(M) = JS(T(M)) = T(M) ® (1 e T(M))S.
E is said to be flat if it admits a connection whose curvature vanishes identically; bundles can admit inequivalent flat structures. M is said to be flat if the tangent bundle T(M) is flat. M is sth order flat if JS(M) admits a flat structure. The set of integers 5 for which M is sth order flat is an invariant of M ; the smallest such integer is denoted by a(M) if it exists; otherwise we let a(M) = oo. In this note, we will study the alpha invariant for lens spaces; this is a natural context to phrase the question.
If JS(M) admits a flat structure for some s, the rational Pontrjagin classes of M are zero in positive degrees and T(M) is rationally trivial. Let CP be complex projective space. If k > 1 , then px(CP ) ^ 0 so Js(CPk) is never flat and a(CP ) = oo. The spherical space forms behave quite differently and provide a family of interesting examples for which a < oo. We establish the following notational conventions. G will be a finite group and x: G -» 0(m +1) will be a fixed point free representation of 77. If G admits such a x, we say G is a spherical space form group. The existence of x places restrictions on G. In particular, the p-Sylow subgroups of G are cyclic if p is odd and either cyclic or quaternion if p = 2. Let Zn = {XeC:X" = l}c 17(1) c 0(2), ß2 = {±l, ±z, ±j, ±k} c SU(2) = S3 c 0 (4) be the cyclic group of order n and the quaternion group of order 8 ; let px : Zn -> 0(2) and t0: Q2 -* 0(4) be the natural fixed point free embeddings. We refer to Wolf [11] for a discussion of other examples.
Let M = M(G,x) = Sm/x(G) be the resulting quotient manifold; M is a compact Riemannian manifold which inherits a metric of constant sectional curvature 1 ; all complete manifolds of constant sectional curvature 1 arise in this fashion. These are the spherical space forms and have been classified by Wolf [11] . The classifying space
so these spaces are important in algebraic topology. We shall be primarily interested in the case G cyclic; these define the lens spaces. If G = {1} , Af is the sphere Sm ; if G = Z2, M is real projective space RPm . We summarize below the major results of this paper: (e) Let G = Z4 or G = Q2 and let s = a(RPm). Suppose either s is even, or m < 100,000, or m is large. Then a(M) = s.
(f) Let G = Zn for n an odd prime power. 3 a constant m0 = m0(n) so
(ii) If m is odd and m > m0, 3M so a(M) = 1.
(iii) If M is a classical lens space and dim(Af) > mQ, then a(M) = n-2.
This shows sup a(RPm) = oo while supta(Af(Zn , t)) < oo if n is odd; the behavior of a at the prime 2 is very different from the behavior at odd primes as we shall see. As T(M) © 1 admits a flat structure, T(M) is stably flat so the computation of a(M) is a delicate one. If m = 1,3 then T(M) is trivial so a(M) = 0; if m ¿ 1,3,7 then T(Sm) is not trivial so a(Sm) > 1 which implies a(M) > a(Sm) > 1. Since dim J (M) > dim(AT) for í > 1 we will be in the stable range and can use methods from ^-theory to determine a(M). The case m = 7 is exceptional and is excluded from consideration for the most part. The proof of (e) relies on a lemma from number theory we have checked by explicit computation for m < 100,000 and for which we have an asymptotic proof based on the methods of Shorey-Tijdeman; we believe it is true in general but have not checked it owing to the difficulty of making effective the constants which appear.
In §1, we will review the basic facts we shall need and prove 0.1 (a, b, c). In §2, we will prove 0.1(d) which reduces the calculation of a for lens spaces to studying prime powers. In §3, we study the prime 2 and prove 0.1(e). In §4 we study odd primes and prove 0.1(f). In the final section, we will study a(Z3x,k-px) as a function of k in some detail to illustrate some further phenomena. is an isomorphism from Vect^.(Af) to KF(M) in the stable range. If E is real, let c(E) = E <g> C be the corresponding complex vector bundle; if E is complex, let r(E) be the underlying real bundle; c and r extend to Ä'-theory. c(r(E)) = E © E* and r(c(E)) = 2E. c is a ring morphism; r is not a ring morphism. Since r(Ex) <g>R r(E2) = r(E{ ®c (E2 © is2 )), image(r) is a subring. Proof. T(Sm)®l is isomorphic to the restriction of the tangent bundle of Rm+X to Sm so r(5m)©l = (w+l)-l . This isomorphism is equivariant with respect to the action of 0(m + 1) and descends to an isomorphism T(M) © 1 = 7t(t) .
Consequently [T(M)] e KOaJM) ; as KOUx is a ring, [JS(M)] e KOñJM) ; this proves (a).
If o e RO0(G), the rational Pontrjagin classes of n(o) vanish so [n(a)] is a torsion class. Since RO0(G) is a finitely generated Z module (b) follows. If 5 > 1, we are in the stable range so the following statements are equivalent: 
. If H ç G, then a(M(G, t)) > a(M(H, t)) .
We can now prove Theorem 0.1(b). We compute Table 1 Let px be the nontrivial representation of Z2 ; n(px) = L is the classifying bundle over RPm . Let 
We wish to find a,b so Js(RPm) = a-l+b-L; this is equivalent by Lemma 1.1
We show a(RPm) < s by finding (a,b). Define 2f(m) <(m + 1)'+1 As (m + l)s < 2f{m) <(m+l)s+x, s < t. This completes the proof of Theorem 0.1(c). The cases 5-even and s-odd are completely symmetric for Z2 ; this will not be the case when we study Z4 and Q2 in §3. Table 1 shows a is not monotonie at m = 31. Remark. If p is prime, then 2P_1 = 1 mod/z by Fermat's theorem. There are also composite numbers for which this is true.
Proof. We need to establish the following estimates:
Set n = 2P . We prove (i) by computing: 
Separating out the primes
The only even-dimensional spherical space forms are the spheres and real projective spaces which were studied in §1; we assume henceforth m is odd. Any fixed point free representation x is conjugate in 0(2k = m + 1) to a complex representation so Af = Af(C7,r) admits a stable complex structure. since dim(er) is even, both xQ and xc are odd so a = p0 + pc + r(cr'). Since
image(r) is a subring and T(M) © 1 e image(r), [f(M)] = [(T(M) © l)i+1] -[(T(M) ®l)s]e image(z-).
This implies [n(p0) © n(pc)] e image(r) which is false, n Let a0 = max{e*(Afa),a(A7ft)}. By Lemma 1.2, a0 < a(M). Conversely, suppose s > a0. Choose av so Js(Mv) = n(r(av)) for v = a,b. Then JS(M) = n(r(on)) ; this completes the proof of Theorem 0.1(d).
The alpha invariant
of Sm/Q2 and Sm ¡Z4
In this section, we will prove Theorem 0.1(e). We suppose m ^ 1,3,7 for the remainder of this section to avoid low-dimensional pathologies. We recall the following result from Shorey-Tijdeman [9] ; see also Turk [10] . (ii) 3t so q(A7) = 1, (iii) if x = k • px, then a(M) = n-2.
To prove (i), expand x = J2iv ")=\ CV'PV and choose a so ca is maximal. Since ca > k/n, c"~x > (k/n)n'x > (2k)"~2 if k is large. Therefore
This proves (i). To prove (ii), let t0 = £(,,")=i Pi > dim(To) < n • If k > n2, let k = k0 + kx ■ dim(r0) for kQ < n and kx > n. xQ is self-dual and x20 = Sr, ")=i (j ")=i Pj+j • Since p>3, either v-1 or v-2 will be coprime to p for any v so any congruence class mod p is the sum of two coprime congruence classes; this shows t0 > 8. Let x = k0 • px + kx • xQ . Then By Lemma 4.1(d), av(n -2,n) = av(n -3,zz) + cv modpl(k~X)/{n~X)]. Choose v so av(n -2,zz) = 0 and av(n -3,n) ^ 0. Then av(n -3,zz) + cv = 0modpl{k-x)/("-X)] implies a¡/(n-3,n) + c¡/>pl{k'm"-X)]. Therefore
The left-hand side of the inequality grows polynomially in k ; the right-hand side of the inequality grows exponentially in k. If k is large, this fails; this completes the proof of Theorem 0.1(f).
The classical lens spaces
In Theorem 0.1 (f), we showed lim^^ a(M(Zn, k • /?, )) = zz -2. In general, zz -2 is not an upper bound. We conclude with a description of the behavior of the alpha invariant for the classical lens spaces if zz = 31 ; the behavior for other zz is similar. The critical point is at x0 = 30 • (s + l)/ln(31). a
The approximate values of crit(s) are given in Table 3 .
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